XVIII Asian Pacific Mathematics Olympiad
Time allowed : 4 hours
Each problem is worth 7 points
∗ The contest problems are to be kept confidential until they are posted on the official APMO
website. Please do not disclose nor discuss the problems over the internet until that date.
No calculators are to be used during the contest.
Problem 1. Let n be a positive integer. Find the largest nonnegative real number f (n)
(depending on n) with the following property: whenever a1 , a2 , . . . , an are real numbers
such that a1 + a2 + · · · + an is an integer, there exists some i such that | ai − 21 | ≥ f (n).
Problem 2. Prove that every positive integer
can be written as a finite sum of distinct
√
integral powers of the golden mean τ = 1+2 5 . Here, an integral power of τ is of the form
τ i , where i is an integer (not necessarily positive).
Problem 3. Let p ≥ 5 be a prime and let r be the number of ways of placing p checkers
on a p × p checkerboard so that not all checkers are in the same row (but they may all be
in the same column). Show that r is divisible by p 5 . Here, we assume that all the checkers
are identical.
Problem 4. Let A, B be two distinct points on a given circle O and let P be the midpoint
of the line segment AB. Let O1 be the circle tangent to the line AB at P and tangent to
the circle O. Let ` be the tangent line, different from the line AB, to O1 passing through
A. Let C be the intersection point, different from A, of ` and O. Let Q be the midpoint
of the line segment BC and O2 be the circle tangent to the line BC at Q and tangent to
the line segment AC. Prove that the circle O2 is tangent to the circle O.
Problem 5. In a circus, there are n clowns who dress and paint themselves up using a
selection of 12 distinct colours. Each clown is required to use at least five different colours.
One day, the ringmaster of the circus orders that no two clowns have exactly the same set
of colours and no more than 20 clowns may use any one particular colour. Find the largest
number n of clowns so as to make the ringmaster’s order possible.

