
Notc: The point.s to be aw.arcleti

tsrohlcm I.

Solu tious

fr)r each part ol.the solution are iucliclted t>n thc right sicte.

:+j*
w'hich is ea.sil1,shown try ilrduction,

(up ro 3 poinrs;

Nql" s is tlrc sum oIthe rcciprocars t.,f thcse rrrurrbcrs rr.her.e ilrc r,.sr. r9t)3O()ci:l9ilri .x I 997---*T*--* = /t,Nr, . Thus ,rc h.tvrr.

,r = +(?

- j (ree6 +

(uit rc .'i points)

(19!)6 + 6)

: l()0i
1 l p,;irrt,1

I'roblem 2. Notc that 2u + 2 : 2(2"'' + 1) sr.r thirt n is ol'the frrrnr 2r u'it[ r c,4d. \l'e ryrll colsider:
two cases.
i)1=2pB'i*rpprirne. ?pl2:r+2. irnptil'sthatpllrn-ra I ancl lrerr,::c.hencep j?ro-r-1.()pthe
otltcr hand Fcmrat'.s linle theorenr uuarru.rtee.s thar p I lp-,-1. Let d - g.,;.j. (p-1,4p - 2). Ir
fbllorvsthatp i 2r'1. Rutcl i p- 1 and,l l-{p -?:-+ip- l)r-1. I{encc,il2aldsincc-p--1.41r-2
Are evell d: ?. l1tcn p = .j and n - 6 < 100.

(up tlr 2 points)

l:LF?

t +--l - ?*x 2
JJ

-l- ,. - -.1- - lJ-l<2-b "' - fa - Ir-tT

* l.* ,. +#e)

(t r1-o .rp'*))



ii)n=2p<lrvherep:qareocld prinres, p(qand p,l< ry .N,w nl2c+ l irr,iic.srrratpi 2..r+ i andt'hcrclbrethat pl )zn'1 '' l:2rN'r- l.onc-eagaini;-Fem.,ot,stheL.)re')rvc.'{rvepl 2".r-I rvhichimpliesrhat p- 1l4pq-2.r'hesameh.rcisrnreforqsorhar 
lJzp- _r

q-II4pq-2
Bothp- I andq- l uethusnruitiple.:,:f2burnotrrf4su r}at p =

(l )

q= 3 (nrod4,y.

1l poinrs)

1'aling p= 3,r-s havc .lp1 - 2 : l2q - 2

11 - l?q _ 12 l).q _2
r----------{--._--q-l - ,7-l

Now cleari" 1&-;2. (r- r

,906 .. ?
Furthermor.. =ta-&*
not satisfy (i ).

Now' Iion'r ('l ) w'c' have

,/\l:l(q - I ) + l0
= .--- = l-q-l .t0,,-f '- -----r \ Iq-l

ifq> l l,and cleallr. ++ = ll if q : ll. tsutthis gi'esr.r =2(.3)(11)=F)6.r. t00.
Fufihernrorc (p, q) =. (3, 7) <ioes rrr:t surisiy. 1'l;.

'Iaking p:7 r.r,eobsen'e that 4pq - 2 - 2gq - l, and L,t:nr (l)rvehavc

,/\
|8 . 28 4 -.? = ltl 

(_?_- l/ !9 _ ?e r tr-., _. .q-T-- --'[t:T =id+f,]1 :;;

if q > 27 and clearly #.+ : 29 if g, = 27 .ilut 27 is uot [rrinre rrncl tlre ()asr-s (p. i1,r = (7,
I I), ( 7. l9);nd (7,2J) do not saris$,(l ).

Taking p - I l. thcn4pq - 2 = 44q - ? . apd

44, !+F;z- *,d +f::f < -15 ir q > 4r.

= 45 tvhen q = -tr3. In this cose we have n ,= ?prl - 2 ( t ll (4J) - 9.+6,

is irrcieccl iur integer. Ths cases (p, q): (l l, lg). (l l.l3) anrl (i l, _11) rjo

(2 points)

[ArJ.litionally'tirrcompleteness, if p = lgthen,tpq- 2 = 76q - lj;rnci lO ":ff- yl f 71 i(q
+ 75. Norv 75 is not prinre and tbr rhe cases (.p, q) = il9.23), fl9,31). (19,.13) anct t'l9,47t. q. I is not a divisor of 74 - 2 x _j7.
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Sirnilarly',it-p=23tlren4pq'2=9?.,-?an,l,,"ff:sl'9l3ifq>
97o-2 '
-q':-f :93 ifq-9.l. Butgl isnotprimeanrlt>f the cases(37,q):fl:i. jt),(23.43).rvhenq
:31all ot'theconditiolrssresatislleci.But,n:zpq< t426isnotasolutionLrecause r'ii=F
is rrot a:r intcger.

No other pairs of p. q yield rrumbcrs rvitlrirr the rerprired rauge,]

Problem 3. 
l. 1'rtti,t)

It is ktorvn (see Geornetry

FromJ ADL- a

Revisited) or easil), derivable thar

Iv{AN r,r,e have

/-trt>=j (ffi+Ii)

= i (6n' + 1;,

: I ANIM

l,,teia6 (letn"r 6d I ', th-ttvern

0 1,1 AX bq o (tvi a-n (
l<,n6lf^ p , d,tu,NtX ?,( *tt
Se"rru.fl Bx'vr' ua-J X(=rr
'Tlu-rr

a(pt-1 r*rr) = bt,nr + C'f.
(l point)

IJi.ru, t^x t"z-r M.kc,n:Lb
,= L.

\

*t = ii.,.

ha .?.R = AL , Al.{ = mo

l) 2(4s()
tla = -a

+
iulo

/0 Ll hl ',:, 4L ',t g,i



+

*{r, .2R = ,t'tvtn

#;g .= nra)t'Ia

bc = n4r7.{,,.

So that

,,=';#it=r -(aon;)'

with sinrilar cxpression,s for /i and /,.

(aar ) = .*'
4K

I Given that sin .a. = Clr

-Js- --l.L- - l, 
-sin'.,J sinr.4 sinr(-

(2 poirrts)

. elc. the ex1:ression \4'e are rvorking rvith becorne-r

= !4:.(, - (r*)') . #(, - (o.*-.- )') . #1f , - (;=r')'i

-4Ar[(* - *,-.t),) - (# - i#;r) - (* G*T')]
Z n an,[* - qll, * r,, - # *,t, - "/*]

- #) . (* . #) '(r'r. *) - iao
*r., 1;^L# * a?e * *;- rk -# -:*.]

= 2R1lr?16 * i;n. :r. ]

= ir,[ * * rl *#] = :n=la=-,1;rt1

Rut atc - JRL4BL'.'.) so that this last extrrrcssit n becomcs

1811#.i"r = {;oh - _r. 4: ;:3

- i-; - -r-1..1= 2R2 [( -:"
L \.J'

(3 poittts)
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silc:tr.ft ) Jr. All of the inequalitics luc cqualities it-1'rr ^- b: t:.

( I point)

Problcur {.

. (a) Consider ihe sequence of tr:iang:les on the plane..l,,{-.,4,..4;.,!,.1.,-4,.,!.4r....
It is easy to see that any pair oFthcm lre similar
Let's prove tJrat trianglcs,4y4.r4sand AJJ: &re similar.
Trianglcs ,4 24 yl a and A rrl y4,, arc sinrilar and tlreir altitrtdes rrc .-I r{., aud .4 n.4 ,. then

,4ztlt Ar.7sv;T =:lffi

Triangles A.t44: and ,4'tle4- are sintilar. then

.'{.r,{ s .,1 r,L s

l;:fr = m
Notv we can conclude that

.1 rA:. ,,1t4 <
-J_-"-,'ltAs - ,l 445

a.rrd u'i zu rg I es,4 1A yl 5 and .4 :,4,-4. arc si m i lar:.

Hencc. if P is the point rvhere line,4yl, mcets Ayl-, L A.r,lr1-= L P,4 j-: '\ tlp'le'l1 and
A t\-A,4,: L A-A1P * L Adylt, sr.r triangle .,1..1,P has a right an8le at P and lirres .4,.,4.1

anii,.ll, are perpendicular, in the same way lines,{r4. and,{s.{o are perpendicttliu ald lincs,{.r,{,
and..{..{71 are perpep<1iculiu, hence .4,, A:.le are collinear ;rrrd .4 ., .! 1i. Al irrc coilillcat. It f-ollorvs

ihat triangle A1A14;and A.,r4t,i11 are h11n1{)thetic aud the'ccntcr of ltoutotitety is P. I\4oreover, irll

triangles Fonr thc fumily, ,4,,1y'|,.;1.71,,.711.;),.,,11x,'1,,,...cre honrothetio. C)lcottrse tlrt'pr-rirlt.P is
an inlerior point to ant'of thcse tntrnglrrs, arld there is no other poir"rt distirlct fi'ott) P that is
interior tt) &nv of these triangles. So this is the point \\'e are looking tbr.

(uP to 4 i.roints)

G)SinceA rllP.llg00ihenPliest-rrrthecirclewitlrdianreterA;,4,.Letl,At:1,.tip'|1:s.,4y4s
=r.artdletl,-.lo.lrbeclockrvise.TriangleS .{gl1l1anr)Au7*.1.: aresintila[,thus,4,,Jr:r'=.s;1.
snd so,.l+,{.r =.r.s. Besi<lcs At4, : r./TJ:;T (l']ythagr-rras), irntl area c',f triangie rl1,'11,4; =
jr.,T +F, .i-l-JJ)' = Js.l .'llrus ,'= T+rT ,Bytheitrithmctic-gcotnett'ictueart

T+T, < + ,thus r .: ! olrcl the set rrf all possil.rle,,,alues of r consists (tf t\r'ir renl intervcis

[-i,,0)anO (0. ;] . L ,4;.,p lakes the maximurn value u,lrcn /' = { thus the lt:cus of P



0

cottsists of t\&,o continuous -'". flor. thc,.:irclc. rvith dirurreter,.11.{r with two extremc'Posit.iotrs

cr)rrespondingtor = --| *t.1 , = !

(up to 1 pointsl

F'igurc shol'.'ing the c(,nstRrction lbr
finding point P,

A3 As

r=-0,5 A-r r=0.5

Figure sho,,r'ing the loctts of P.
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Problem 5.

A redistribution can be written 
"r 

(X, ,Xrr,., ,X,) wnere x, denotes the

number of objects transferred from A, to A,*r. Our objective is to
minimize the function

After redistribution we should have at each A,, a, -r, *x,_r =N for

i e{1,2,...,n} where ro means .r,. ( 1 point)

Solving this system of linear equations we obtain:
ri = xr - [(, - t),af - dz - dt-...-o,f
for i e {I,2,...,n\.
Hence

F(x,,xr,...,t,) = lr,l+lr, -(lr -or)l*lr, - zN -a, -arl
*...*lr, - [(" - t)i/ - dz - dt-...-",]l

Basically the problem reduces to find the minimum of f(x) = Ilr-cr,l
,=l

where cr, = (t - l)il -to, (up to. 3 points)
j=2

First rearrange crr,crz t...ten in non decreasing order. Collecting terms

which are equal to one another we write the ordered sequencet 
,)

Thus k, + kr*...+k* = tt.

consider the intervats (-*,p,],[r, ,Or), . ,lO * - r,F *],1r.,.")
the sraph or r(,) = ,!J, - ",1= ,t{,1. - O,l i. , continuos piece wise

linear graph define in the following way:

.,,r= 

{

kr(Br- ,) * or(Br- ,)*. --+kmj^ - *)i7 *.(-*,Br]
or(* - gr) * or(Br- ,)*. .-+kmj* - ')6 *.lpr,pr)

:

or(, - Fr) * or(, - Bi*- 
'+kmx, 

- B),f *.19*,*)



]" .

r'.
d:

(up to 4 points)

The slopes of each line segment o;r each interval are respectively:

So=-&1 -k2-4-"'-km
51 =tl -kz-k3-"'-k^
Sz=kt+kr-h-"'-km

Sm = kr+ k, + kr+"'*km

Note that this sequence of increasing numbers goes from a negative to a
positive number, hence for some r > I there is an

St =0otSr_l .0.S,

ln the first case the minimum occurs at r = 0, or 0 r*t "nd 
in the second

case the minimum occurs al x = Ft
(UP to 7 Points)

We can rephrase the computations above in terms of a, d2, -. , dtt rather

than p, ,F2,... ,frrn. After rearranging the a's in non decreasing order,

pickx=a ifnisoddandtaker=a of a ifniseven.n+l n L*l-222

lf no justification is given for the choice of x , give up to 4 points.


